1. Let Lp(a, b) be the space of all functions/(y) whose pth power is integrate over (a, b) or which are measurable and essentially bounded over (a, b) Of course the inequality is true when K(x, y) takes negative or even complex values also, if we replace k by /» 00 y-» CO theorem for this case and we shall use it to deal with fractional integrals the order of which is an imaginary number, thus filling a gap in the literature. Throughout this paper we denote constants depending on the given parameters by the single symbol C; a and ß denote finite numbers such that 9t(a)>0, 31(0) =0. In consequence of Schur's theorem IF is a bounded linear transformation in L%\ the Mellin transform M is a bounded linear transformation from L2(0, oo) into Li(-oo, oo). We have (2.1) f y-llm4*W{f{xto)\dy -f y-w+"dy \ K(x, y)f{x)dx = r /(*)*-i/2+i^x r «ei, D)z)-i/2+ird»
•J l/a «'0 when we put y=vx and make use of the homogeneousness of K(x, y); the interchanging of the integrations is justified by absolute convergence of the right-hand repeated integral. Since the left-hand integral exists, it must be equal to MW{f(x, a)}, therefore we have MW{f(x, a)} = co(t )M{f(x,a)\. therefore | MWf\i = Ka\ Mf\i in L2(-00, 00). Now the operator (27r)_1/2lf is isometric, and so we obtain the first assertion of the theorem. The function w(t) is continuous in consequence of (ii) and attains its maximum value at a finite point r, since, by the Riemann-Lebesgue theorem, w(t)--+0 [r-» + a> ]. Now let X be any positive number smaller than k0-Then we can easily show the existence of f unctions/(x) C-l2 such that | Wf\ 2 >X |/| 2-Let £ be a set of measure m(E) >0 such that | w(r) | >X in E and E is included in some finite interval. Take <p(r) = 1 in E and c/>(t) =0 otherwise, and let f=M-l<p. Then from (2.2) we have f I MWf\2dr = f I w(t) \2dr > \2m(E) = X2 f I <p(r) \Ht = 2ttX2 f I fix) \2dx,
Hence the theorem is proved. 3. We could give an alternative proof by the theory of "general transforms," without making use of Schur's theorem. Let V be a transformation of the form Vf= f L(x, y)f(x)dx, J 0 the infinite integral being defined in some sense. Then it turns out that, roughly speaking, the class of all transformations which are representable in the form V\Vi is identical with the class of the transformations Wf= f K(x, y)f(x)dx, J 0 where K(x, y) is homogeneous of degree -1. We leave that proof of I to the reader(2).
(2) W belongs to the so-called "product-class."
We need the lemmas: A. Let ylx{y)(ZLz, let w(t) = (j-ir)M{y~lx{y)} be essentially bounded in (-<*>, x), and let x(y) have the form %{y) =fylH{^)dk-\-c, where e = x(l) is an arbitrary constant. 
where tj is a given parameter. Obviously (4.5) fa(y) = y"ltaf, }Z{y) = y"jZaJ.
In another paper we have proved that I*af and J~af are bounded linear transformations in Lp for l^p = » when 9f(a)>0 and when SR(tj)>-l/£' or $R(t7)>-1/p respectively (4). Obviously the definitions above have no meaning at all when we replace a by an imaginary number ß, but we shall show that the operators I*ßf and J~ßf exist in some sense for any fC.L2. Those definitions are of importance in the theory of Hankel transforms, as will be shown in a joint paper of A. Erdelyi and myself.
exists, and Mg = a{r)Mf.
Vide H. Kober, Quarterly Journal of Mathematics, Oxford, vol. 8 (1937), pp. 172-185, §6 and Theorem 2A. B. Let <)>(x)CLi and ^(y)=y-lfy0<t>(x)xll1dx; then y'^M-tO for y->0 and and C. Let r'xWCis, let y~1/2x(y) ->0 for y->0 and y->», and let x(y) have the form as in Lemma A; then (i -ir)M\ y-'xiy)! = Km f * H(y)y-»*+»dy, i/ i/ie right-hand limit exists.
Cf. H. Kober, loc. cit., Theorem 3(i). h. kober [July Let 9?(ij)>-l/2 and(4)
then K(x, y) satisfies the hypotheses of Theorem I, and we have A similar argument applies to J^af, and we now define (4.6) I*jf = weak limit
(4.7) /7j»/ = weak limit /,,«"/ for some sequences {«"}, {am}. 5. Strong convergence. Starting from I+ß\j/ and for step4"unctions \p we can show that /^J" or J^/ converges to I*ßf or /"^/ in the strong sense also for any JC.L2 when a tends to ß. We can also proceed in a shorter way. By -to Jn J -n Since co(t; a) is bounded in (-oe , co) uniformly when 9? (a) >0 and |a|<C, and since g(r) CL2(-°° , °°), we can fix A7 sufficiently large such that Zi <e/3, Z2 <e/3 uniformly in a for any given e >0. Now it is easy to show that Z3 <e/3 when [0-ß\ is sufficiently small. Hence MI*af converges strongly to the function co(t; ß)g(r) and, by the property of the Mellin transformation mentioned above, I*af to -M"_1{co(t; ß)g(r)}.
By the same argument we get the corresponding result for J~af, and so we have Theorem II. Let «R(ij) > -1/2, let 9?(a)>0 awd «R(/3) =0 and a->j8, and 8. We shall now deal with the corresponding problems in Lp for pi^l. We do not know if Theorem I can be generalized in some way for p9*2. Therefore we cannot extend the results of § §4-7 to the general case fCLp [l fkpS 00 ]. We have to restrict ourselves to certain subspaces of Lp or, as in Theorem VI, to the case when a tends to zero under certain conditions. Moreover we shall discuss the characteristic values ( §10). (1 -a-*-1 1/2 Applying Lebesgue's theorem again, we have F2-*0, which completes the proof. The proof of (8.22) is similar. Let | a-X| < 1 again. We have to take into consideration that J^/ba is bounded uniformly in a and y for a/2<y<a. Furthermore, for 0<y<a/2 we have to replace (8.12) by Corollary.
Let a be restricted as in Theorem VI and letfC.Lp; then I y~Y«(y) -f(y)\P-+o, | ffty) -f(y)\P^o for 1 <p < «3 and 1 ^p < °o respectively, as a tends to zero.
(6) Cf. our paper cited in Footnote 4.
H. KOBER [July
The case p = l is not included forfa{y) by this theorem; some results for /+(y) [a->0] under the hypothesis/C-Li(0, .4) were given by Hardy-Littlewood (loc. cit.) and by j. D. Tamarkin(').
9. We can state some better theorems for p>2. Let 2<p=<x> and let WP be the set of all functions fCZLp which possess a Mellin transform F(t) = Mf in the well defined sense that/ (x) is representable in the form We shall only outline the proof. Let F"(r) = F(t) in ( -n, n), F"(t) =0 for |t| >«, and let/(x, n)=M-lFn.
Then, for 0<y< », , vol. 39 (1933), pp. 768-774. For Lemma 3 see also our paper cited above.
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By (9.21) and (9.22) lfafand J~af are defined also when we replace a by ß;
for w(t, ß) and ß) are bounded for -°o <t< <», therefore w(r, ß)Mf = w(t, /3)F(t) and x(r, ß)Mf=x(r, ß)F(r) belong to Lp,(-«©, eo). Also to every gC2JcP corresponds a uniquely determined function /CäJJj, or (pC$DcP such that Ifßf = g or J^ß<p=g respectively
(cf. (6.1) and (7.2) We construct all these functions by (10.32), taking k(r) in (0, |p|) as an arbitrary function belonging to LP'(0, \p\).
Also, from the group property of Yß, we can deduce the result:
Let 9?(/c) = 9?(A) =0, let k/A be no rational number, and let YKf =f and Y\f=f and f Q.'SSlp. Then f(x) =ce~x, and Yyf=f for any y such that $t(y) = 0. 
